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Monte Carlo Turbulence Simulation Using Rational
Approximations to von Karman Spectra

C. Warren Campbell*
NASA Marshall Space Flight Center, Alabama

Turbulence simulation is computationally much simpler using rational spectra, but turbulence falls off as
/5% in frequency ranges of interest to aircraft response and as predicted by von Kdrmdn’s model. Rational ap-
proximations to von Kdrman spectra should satisfy three requirements: 1) The rational spectra should provide a
good approximation to the von Kdrman spectra in the frequency range of interest; 2) for stability, the resulting
rational transfer function should have all its poles in the left half-plane; and 3) at high frequencies, the rational
spectra must fall off as an integer power of frequency, and since the —2 power is closest to the —5/3 power, the
rational approximation should roll off as the —2 power at high frequencies. Rational approximations to von
Karmdn spectra that satisfy these three criteria are presented, along with spectra from simulated turbulence.
Agreement between the spectra of the simulated turbulence and von Kiarmdn spectra is excellent.

Nomenclature
a =von Kdrmdén constant, =1.339
A,B,C,D,F =coefficients corresponding to different poles
of the rational spectra

Eyip =a convenient exponential notation,
=exp(p;T) +exp(p;T) +exp((p; +p)T)
=E;+E; + Eg,

f = frequency, Hz

A =sampling frequency, Hz

H, Hy =longitudinal and transverse transfer fune-

: tions, respectively

k| = coefficient of the longitudinal approximation
spectra

ki =coefficient of the transverse approximation
spectra

l; = coefficient of y,_,in the turbulence genera-
tion difference equation

L =length scale of turbulence as appropriate for
the spectrum under consideration, i.e., either
longitudinal or transverse

D = jth pole of the approximation spectrum

p;’ =ith dimensionless pole of approximation spec-
trum =p,/«

r; = coefficient of x,_; in the turbulence genera-
tion difference equation

s = Laplace transforms

t =time

T = sampling interval

| 4 = airspeed of aircraft

x(r) = wide-band Gaussian noise

X(s) = Laplace transform of input noise x(¢)

y@® = output simulated turbulence

Y(s) = Laplace transform of output turbulence y(¢)

Z; = ith zero of approximation spectrum

o =VT/L

g =rms turbulent velocity

I =discrete turbulence rms value

¢ =longitudinal spectrum

b = transverse spectrum
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Introduction

HE purpose of Monte Carlo turbulence simulation is to

generate time histories that have the statistical character
of atmospheric turbulence. The simulated turbulence is then
used to create an atmospheric simuland for the purpose of
flight simulation. Several techniques may be used for im-
plementing the turbulence simulation, but rational turbulence
spectra permit the generation of difference equations with a
tremendous computational advantage over methods cor-
responding to irrational spectra. Real atmospheric spectra
tend to roll off as £33, however.

Some earlier efforts to approximate von Kdrmdn spectra
were made. Wang and Frost! show an approximation spec-
trum that does not fit the von Kdarman spectrum very well.
Tatom and Smith? attempted to fit the von Karmén spectrum
with a rational function. While the spectrum was an accurate
fit, the resulting difference equations were unstable. This
paper documents a technique that satisfies the following three
criteria for- rational approximations to the realistic von
Karman spectrum.

1) The spectra are good approximations to the von Kdrman
model within the frequency ranges of interest for aircraft
response.

2) The transfer functions corresponding to the approxima-
tion spectra represent stable systems, i.e., all poles are in the
left half plane.

3) At high frequencies the approximation spectra fall off as
f2

The reasons for the computational advantages of techniques
corresponding to rational spectra are discussed in some detail.
Approximation spectra based on a continued fraction expan-
sion of the binomial function are presented with correspond-
ing difference equations. Comparisons of generated turbulent
spectra with von Kdrmén theoretical spectra are presented.

Rational vs Irrational Generation Techniques

Monte Carlo turbulence is commonly generated as shown in
Fig. 1. A wide-band, white noise source is input to a filter. The
transfer function of the filter is chosen so that the output spec-
trum matches the desired turbulence spectrum. If the input
noise is Gaussian and the filter linear, the output will also be
Gaussian.

The best known turbulence spectral models are the rational
Dryden model and the irrational, but more realistic, von
Ké4rman model. The Dryden spectral model may be regarded
as a rational approximation to the von Karmén model. Unfor-
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tunately, the Dryden model is not a very good approximation
to the von Kdrmén model over frequency ranges of interest for
atmospheric turbulence simulation.

Rational spectra are desirable because generation tech-
niques are computationally more efficient than those for irra-
tional spectra. The Dryden model transfer function corre-
sponding to the longitudinal velocity is given by

Hi(s)=a,/(s+b)) 0

H, (s)= Y(s)/ X(s) can be substituted in Eq. (1) and rearranged
into the following convenient form:

(5+b)Y() =, X(5) @

The inverse Laplace transform of Eq. (2) yields the following
ordinary differential equation with constant coefficients:

dy
E%—bly:alx 3)

This simple equation can be discretized to yield a simple ex-
plicit difference equation for the efficient generation of
simulated turbulence.

Similarly for the von Karman model, the irrational transfer
function is given by

H(s)=c,/(d, +5)** (4)
The corresponding equation to Eq. (2) is
(d, +5)/6Y(s) = ¢; X(5) (5)
Previously, Y was multiplied by s, which corresponds to tak-
ing a derivative in the time domain. In the irrational case, we
have terms like s°/¢. Heuristically (d; +5)*/¢ can be expanded
in an infinite series to yield the following result.
d, +5)0=d > +5/6d, ~Vs—5/72d, ~7%s?
+35/1296d, 136 — ... (6)

The corresponding differential equation is

o dy . d2y
»(yd*°+5/6d, “6~—dt —5/72d, 776 a2
s 4y
+35/1296d, T —...=0X ™

In the irrational case, the differential equation is given by a
linear ordinary differential equation with constant coefficients
as before, but of infinite order. Obviously Eq. (7) cannot be
discretized to obtain a simple difference equation. Instead the
noise must be generated in a block, transformed to the fre-
quency domain with a fast Fourier transform (FFT),
multiplied point by point by the desired filter function, and
then transformed back to the time domain. This procedure is
computationally much more complex and time consuming
than simple difference equation techniques.

Table 1 summarizes the spectra, transfer functions, and dif-
ferential equations for the von Ké4rmdn and Dryden tur-
bulence models for each velocity component. From the table,
the lateral and vertical functions have the same form; thus,
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Fig. 1 Monte Carlo turbulence simulation technique.
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they are referred to herein as transverse functions. The con-
stants shown in the table, e.g., @, or b;, are functions of L, V,
etc. The constants for the Dryden model are not necessarily
the same as those for the von Kdrman functions. The form of
the transfer functions was drawn from Ref. 1.

A rational approximation spectrum is described by Wang
and Frost' that fails to satisfy criterion above. In the follow-
ing section an approximation spectrum is derived that satisfies
all three of the above criteria.

Derivation of Approximation Spectra

In the prec’eding section, an infinite series expansion of
(d, +5)”° was used to obtain an infinite order differential
equation corresponding to the von Kdrman model. The
resulting differential equation cannot be discretized, but one
wonders if it might not be truncated at some point to obtain a
rational approximation. The equation was derived heuristi-
cally, and the infinite series does not even converge beyond the
first singularity of the complex transfer function. The rational
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Fig. 2 Comparison of longitudinal normalized spectra for the von
Karman and rational models.
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Fig. 3 Comparison of transverse normalized spectra for the von
Kdarman and rational models.
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Table 1 Summary of transfer functions and spectra for Dryden and von Kdrmdn models; one-dimensional models

Longitudinal Lateral Vertical
Dryden
s o 0321, 1 o o3L,  1+3QwL,f/V)? 4 o3L;  1+3QwL4f/V)?
ectra = = =
P YT w1+ @aLv)? 2T a1+ QaLyf/V)2]2 3T [0+ QrLyf/v)??
C Cy(by +5) C3(bs +5)
Transfer  H, (s) =—— H, (s) =—2—(—2—-—2— H;y (s) Z%
functions a, +s (a;+s) (ag +5)
‘ dy d%y dy ( dx ) d%y dy dx
ODE? ——tay=C X —S—+2a,——+a}y=C, | —+byx St 203+ @ty =Cy | —+ b3x
a T, dr? Tq TR T de? Tar TS g T
von Kdrman
032, 1 3L, 1+8/32ral,f/V)? 03Ly 1+8/3Qmalyf/V)?
Spectra ¢, = 27576 b= ~N2111/16 b3 = 271176
T [1+ (27raL S g [1+Qmal,f/V)*] T [1+Q@Qrmalsf/V)*]
C, by(s+Cy) by(s+Cy)
Transfer H(s)=———"—r- H, (8) =———"+ Hy(s) =————7—
functions (@, +5)8 (s+ay)!/16 (5+ay)1/16
ODE? Linear, infinite order ODE Linear, infinite order ODE Linear, infinite order ODE

20rdinary differential equation.

Padé approximant to the transfer function can be derived
from the infinite series and may converge everywhere in the
complex plane except at points of singularities. For a further
discussion of this remarkable propeérty of rational approxima-
tions see Van Dyke.? The rational approximation spectra
presented here are based on the well-known continued fraction
expansion of the binomial function (see, e.g., Khovanskii*).

1
- vs
1+ (1+vr)s
2t (1-»)s
(1+s) = 34 @2+)s
2t 2—-v)s
54...
(n+r)s
(n—v)s
2n+ 1)+ ®

The infinite continued fraction of Eq. (8) converges
throughout the infinite s plane except along the branch cut
from s= —1to — o. The fact that the continued fraction con-
verges along the imaginary axis is important in what is to
follow, because only the imaginary values of the transfer func-
tion affect the form of the spectrum. When truncated at the
proper point it can provide the basis for a turbulence genera-
tion technique satisfying the three previously mentioned
criteria. Doing the truncation, letting »= —5/6, and convert-
ing to the more conventional rational form yields the follow-
ing approximation:

(14556 = 60+ 525+91/125> ©
60 + 1025+ 561/125 + 935/2165°

Poles and zeroes of the above approximation are presented in
Table 2. Note that all of the poles fall in the left half-plane so
that the corresponding differential system will be uncondi-
tionally stable. In fact, the poles all lie on the negative real
axis, as do the zeroes. This means that the modulus of the
transfer function evaluated on the imaginary axis is symmetric
with respect to the origin. In general, all transfer function
poles should lie on the negative real axis. Nothing is gained as

Table 2 Poles and zeroes of the approximation function

p{=—1.02025059 z1 = —1.468210716
p3=—1.67661571 z5 = —5.388932143
p3=—8.10313370

For transverse spectra, pi-p3, Zj, and z; are as above. In addition:
f et Vi ’
py=—123=—-(3/8)

far as the spectrum is concerned by using complex poles since,
for real spectra, the poles must occur in complex conjugate
pairs. This is a direct result of the fact that a spectrum is a
Fourier transform of an autocorrelation, which is a real and
even function. The spectrum must also be real, even, and
always positive.

The resulting transfer function may be multiplied by its
complex conjugate to obtain the corresponding spectrum.
Figure 2 shows the very favorable comparison between the ap-
proximation longitudinal spectrum and the von Kdrman
spectrum.

The transverse transfer function is slightly more complex,
but can be developed from the same basic function as above
by multiplying the numerator by the factor (1+ (8/3)"s) and
the denominator by (1 +s5). By so doing the transverse form is
obtained. Observe that an additional pole is obtained at
s= —1, along with a new zero. The new pole is in the left half-
plane and the resulting system remains stable. Figure 3
presents the transverse approximation spectrum as compared
to the corresponding von Kérmdén spectrum; again the com-
parison is very favorable.

The derived transfer functions are good approximations to
the von K4rman spectra, represent stable continuous (analog)
systems, and fall off as /2 at high frequencies. The preceding
criteria are therefore satisfied. The remaining task is to con-
vert the continuous systems to stable, discrete systems, and
this problem is treated in the following section.

Discretization of the Approximation Equations
The equations derived previously correspond to a pair of or-
dinary differential equations with constant coefficients. The
problem is to discretize them in such a way that no matter
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Table 3 Coefficients of the longitudinal equation

pi=pia, a=VT/L, kj=—o(L/Vr)" (p1p,03)/(2,2)
&= 0.8672¢,0-49626

A=k, -2 —22)/ P01 —P)P —P3)
B=k(py —z)02 —25)/P2(p2 — 1)y — P3)
C=k(p3 —21)(p3 — 22)/P3(P3 —p1) W03 — P3)
D= —k2,2,/P\PP3

ro=A+B+C+D
ri=A(1+Ey3)+B1+E;3)+C(1+E;)+DE 5
ra =AEy03) + BE1313) + CE12012) + DEqaya3)03)
r3=AE;3 + BE 3, + CE 15 + DE153,

Lh=Eps, = E(12)(13)(23)’ 3= E(123)

what the sampling frequency, the systems remain stable. An
approach that assures this is described by Neuman and
Foster.”> When the approach is followed for the longitudinal
velocity component, the resulting difference equation takes
the following form:

Y= Vno i —hYu ¥ BYa s H 10Xy =1 X FFaXp = 13Xy 3
(10)

The coefficients of this equation are presented in Table 3.
Notice that the above equation is in explicit form, i.e., the cur-
rent turbulence value depends only upon preceding values of
turbulence and noise and nof on any future turbulence value.

From Table 3 and Eq. (10), and the preceding discussion,
one might expect that since the coefficients are functions of
« = VT/L, the variance of the resulting simulated turbulence
would also be a function of «. This turns out to be the case, as
was shown by Wang and Frost.! In the simple Dryden case,
values of the variance as a function of « can be derived. In the
case of the higher level approximation presented here, the
derivation is much more difficult, and in fact was not done.
Instead, 100,000 points of turbulence were generated at
various values of « and rms values calculated. The resulting
variation was quite smooth, and curves were fitted to the
values. The equation for the variation of ¢ as a function of « is
also included in Table 3.

In Table 3 a convenient notation is used. The best way to
explain the shorthand is to give a few simple examples. E;,; =
exp(p; ) +exp(p, 1) +exp(ps Ty =E, +E; + E;. E(p3 =
exp(p, T+ p, T+ p;T). Terms inside parentheses go inside ex-
ponential parentheses as indicated in the second example.
Finally, Eqynaney =Eay +Eqs +Eqsy=exp@ T+p;T)
+exp(p T+p; 1) +exp, T+p; D).

A similar approach can be taken for the transverse approx-
imation spectrum. The resulting difference equation is

Yo=Yy =LYy 2t BYn 3= Lyp_ s+ 10X,

=Xy F X, 0 = F3X g3 T X, g (1)

The coefficients for the transverse case are presented in Table
4. Utilizing Tables 2-4, turbulence can be generated for each
velocity component. Using a sampling frequency f,=5 Hz,
length scale L =500 m, and velocity V=100 m/s, blocks of
turbulence were generated and spectra calculated. Figures 4
and 5 present comparisons between the spectra of the
simulated turbulence and corresponding von Kdrman spectra.
The agreement is excellent, and statistical scatter in the
calculated spectra is much greater than the difference between
approximation and von Karméan spectra. One caution should
be mentioned concerning the use of the difference equations.
The difference equations were derived using the z transform,
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Fig. 5 Comparison of transverse simulation spectrum with von
Karman spectrum (f, =5 Hz, V=100 m/s, 0=1.0 m/s, L =500 m).

which is the digital equivalent of the Laplace transform. The
Laplace transform and the z transform incorporate initial
values directly into the transform. The difference equations
presented here were derived assuming zero initial conditions,
and if zero initial conditions are not input to any coded ver-
sion of the above equations, a large transient will result.

An algorithm for generating turbulence is given as follows.

1) Initialize the x, and y, to zero.

2) Obtain the current values of o, L, and V.

3) Calculate all of the coefficients in Table 3 or 4 as ap-
propriate.

4) Generate a new value of y using Eq. (10) or (11) as ap-
propriate.
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Table 4 Coefficients of the transverse equation

6=1.233c"%70 ko= —o(L/ V1)V (0\D2P3P4)/(2,2233)

A=ky(p)—2)P1 —2)W1 —23)/ P01 — P)W; —P3)P; —Ds)
B=kg (D2 —21)02 — 22)02 — 23)/ P22 —P1)02 — P3) (02 — Py)
C=ky (p3—2)W3 — 203 —23)/ P33 =P W3 — P2 W3 — Pu)
D=k (ps—2)W4s —22)04—23)/ P40y — P04 — D204 —P3)
F=—krz12323/D1P2P3P4

=A+B+C+D+F
r=A(1+Exn)+ Bl +E3)+ C0 + E5)+D(1 + E33) + FE 53,

ry = AEs34030464 + BE 34031404
+ CEyanaaes T PE23a2a3e3)
+ FE(1213)(14)23)(24)(34)
ry=AE @y 0404234 + BE13)1434)134)
+ CEnameaaze T PEananea2s)
+ FE (2312401345234
rqa=AE@34y + BE (134 + CE (134 + DE (1 3) + FE (1234

I =Es h=Eqasaaesnencss 13 = Eqayaeasaessy la=Eqs

5) Divide the resulting number by ¢ to get the updated tur-
bulent velocity.

6) If the desired number of turbulence values have been
generated, stop. Otherwise, go to step 2. The coefficients, A,
B, etc., are calculated each time in the loop (steps 2-6)
because, in general, o, L, and ¥ vary with time. '

Conclusions

Extremely good rational approximations to the von K4drméan
longitudinal and transverse spectra were presented. These
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spectra were used to develop explicit difference equations
suitable for Monte Carlo simulation of turbulence. Calculated
spectra of the simulated turbulence show excellent agreement
with von Kdrmdn spectra. The resulting method combines the
computational simplicity of rational spectra with the accuracy
of the irrational von Karman spectra. The turbulence
generated is one dimensional, i.e., varies only along the flight
path. The von K4drmén approximant approach can be used to
generate turbulent gusts, gust gradients, or several simulated
turbulence time histories with realistic cross correlation. The
addition of three-dimensional reahsm by the latter method is
currently under study.
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